1. Introduction. In order to avoid a huge amount of calculation, when solving numerically a partial differential equation, one often introduces artificial boundaries with boundary conditions chosen so that the problem one gets is well-posed, and its solution is "as close as possible" to that of the original problem.
These boundary conditions can be either transparent, i.e., such that the solution of the boundary value problem is exactly the solution of the initial problem, but such conditions are generally global in the time variable and so numerically useless or approximated. Or they are absorbing, when the energy in the artificial domain decreases with respect to the time t.
This problem is of practical interest, as for instance it arises in geophysics or plasma physics, and has been studied in many cases; see [4] , [8] , [12] .
In this paper, we study the case of acoustic waves in a one-way propagation. The transparent condition one gets on the continuous problem is a local one. But, immediate discretization leads to an ill-posed problem. The difficulty is then to obtain stable boundary conditions fitting to the discretization scheme.
We only work on the discrete problem, taking into account that the solution is already an approximate one. The methods we use are drawn from the methods developed in the theory of singularities reflection; see [8] , [9] .
In the first part of this paper, we explain our method for an explicit discretization scheme. We first write a transparent boundary condition, which is global in the time variable, i.e., computation of the solution at some time uses the solution at any earlier time. With the assistance of the space-discretized problem, we then derive some stable conditions, and we point out that these are not canonical. We obtain, for each of them, error estimates for the energy of the reflected part. As far as we know, such estimates are new.
In the second part, we show how this method can be extended to any discretization scheme and give the form of boundary conditions in the case of C' cubic finite element scheme.
Similar boundary conditions have also been obtained by B. Engquist and A.
Majda [5] for the same model problem. We prove here the stability of our discrete boundary conditions. We use energy methods that could be generalized to other problems (for example, wave equations with variable coefficients, model wave equations with variable discretization step...). But on the model problem the numerical results are very similar, without any proof of the fact....
2.
Preliminaries. The Continuous Problem. We consider here the solution of a scalar wave equation on the axis R, where the velocity is taken equal to 1:
(2.1) Ou -a2u/at2 -a2u/ax2 = 0.
The initial values (initial state and initial velocity) have a compact support in the half-line x < 0.
The following result is well known: 
Approximate Boundary Conditions for the Second Order Finite Difference
Discretization Scheme. We will here consider an explicit discretization scheme of the following form: This transparent boundary condition is global: in order to compute the solution at the n-time-step, we must have information for all previous times. Therefore, we shall investigate approximate boundary conditions which are local in time and lead to a well-posed boundary problem.
In order to obtain these boundary conditions, we first introduce the semidiscretized problem with space-discretization only:
where h is the space-step. We shall obtain for this problem an approximate boundary condition and then deduce by time-discretization the desired boundary conditions.
Boundary Conditions for the Space-Discretized Problem. We first introduce an
auxiliary boundary problem on the half-axis x > 0 and get the transparent boundary condition at pointj = 0. This is given by an integro-differential relation between u-l and uo. We then deduce local boundary conditions, by approximation of the kernel, when the wavelength is large compared to h. The initial values are identically zero. The boundary condition is dvo/dt = D(t). 1 2_ X + lXI (X 4 1) ; IxI2,
Transparent Boundary Conditions. We introduce the initial boundary prob

We assume that D satisfies the regularity condition (3.6) D E L2(]O,-+x[). The following lemma gives a result on the regularity of vand the explicit form of the Fourier transform of vj:
We can explain this result as follows: when the wavelength is large compared to h, the Fourier transform of v; is a left-travelling wave, and when the wavelength is small, it is an evanescent wave.
The proof of this lemma (see [6, p. 175]) uses limit absorption techniques: one first introduces the perturbed absorbing problem, then passes to the limit by using the Fourier transform.
Using "cut-off' and "smoothing" techniques, we apply this lemma to uj, and obtain the transparent boundary condition: Obviously we are able to obtain boundary condition up to any order.
We will say that the boundary condition is of order 1, if the expansion is of order 1.
Stability of the Boundary Conditions. We study the stability with energy techniques:
We denote by Eh(t) the energy in the half-axis x < 0, at time t. Eh is given by
Then, the following energy estimates hold: From these stable approximate boundary conditions, we can derive stable boundary conditions for the discretized problem.
Approximate Boundary Conditions for the Discretized Problem. We determine
these conditions by discretization of the conditions (3.13)-(3.15bis). We use a centered divided difference for the time-derivatives, in order to obtain-whenever it is true-the stability by energy methods.
Indeed the energy identity is (3. 19) (En+, -En)/2At -Do(Uln)Dx(Un) = 0. We have seen that the discretization of (3.13) leads to an ill-posed boundary problem. On the other hand, the equality (3.19) shows that, from the condition (3.14bis), we obtain a stable boundary condition.
We can prove also that the boundary conditions of second order, deduced from (3.14) and (3.14bis), are stable, but the one deduced from (3.15) is not.
Hence, the method does not determine systematically stable boundary conditions. But, as far as we know, a systematic method to obtain such boundary conditions does not yet exist (see, for example, [4] ).
Therefore, we can sum up our results: Notice that the boundary condition of second order (3.21) is close to the one written by B. Engquist and A. Majda (see [4] ), but here the stability is given by energy estimates.
Example. The initial velocity is equal to 0. The initial state is the following: We impose the boundary conditions at x = 0 and x = 1. We take y = 0.1, Ax = 1/64. Solutions are drawn at time T 1, the exact solution being zero. 
Boundary condition of Engquist and Majda
Conclusion. For other discretization schemes, the sketch of our method will be the following:
(1) We obtain stable boundary conditions on the space-discretized problem at the pointj = 0 with Fourier techniques.
(2) We discretize in time with centered divided differences at the pointj = -1.
Error Estimates. We shall see that, under regularity conditions for the solution, we can obtain error estimates for the solution of the problem in the artificial domain: the accuracy of this method being the order of boundary conditions.
We 
Let uj(t) u ujn; vj(t) = vj"; wj(t) = wjn on ](n -4)At, (n + l)[.
On the half-line] < 0, uj satisfies the relation (3.23) uu(t -At) -2uj(t) + uj(t + At) uj+1(t) -2uj(t) + uj-1(t)
At2 Ax2
The same equation holds for Vj and wj. This remark leads us to the space-discretized problem. We are now able to obtain, with the usual regularity assumptions on the initial value, THEOREM where Wh is the mean-value of wh on two space-steps, given by (3.30).
Error Estimates for the
(ERROR ESTIMATES). Let / be the order of the boundary condition. Assuming that the initial state is in H'+ '(IO, +oo[) and the initial velocity is in
We remark that, in (3.33), the order of the estimate we get is one less than the one in (3.34). In particular, for the first order boundary conditions (3.13) and (3.13bis) , we only have Tf Eh(Wh)(t) dt < C.
In order to improve this result, we derive an L? estimate on wh. THEOREM 
(L?? ESTIMATES). Under the assumptions of Theorem 3.2, we have (3.35)
VT E ]0,+oo[: Eh(wh )(t) Ch21 JTEh( d'h )(t) dt.
We are now able to obtain error estimates for the discrete problem. We shall now see how our method can be used to construct stable boundary conditions for finite element schemes. (2) The evanescent waves: From now on, the mass matrix is assumed to be the identity.
Error Estimates for the Discretized Problem. Suppose that uj is in L2(]0, +oo[). We can introduce the
Discretization of the Continuous Transparent Boundary Condition by Finite
Elements. We have seen that the transparent boundary condition for the continuous problem is au/at + au/ax = 0. By discretization, we get the discrete boundary condition It can be proved, by energy techniques, that this boundary condition is stable. 4.5. Comparison Between (4.9) and (4.10) in Terms of Reflection. We investigate here the reflection of an evanescent wave by the two boundary conditions, when the wavelength is large compared with h.
An evanescent wave is reflected as the sum of an evanescent wave and a travelling wave.
In the first case, i.e., the boundary condition (4.9), the amplitude of the reflected travelling wave increases as I/wh when wh tends to 0; in the second case, i.e., the boundary condition (4.10) calculated by our method, the amplitude of the reflected travelling wave decreases as wh: the evanescent wave is absorbed.
In order to obtain a stable boundary condition for the discretized problem, we discretize the term dU I/dt of (4.10) with a centered divided difference, and we get finally: It is absorbing.
Obviously, we must calculate boundary conditions of order larger than 1. This calculation is more difficult, and we will use the computer; see [6] .
Conclusion. We have, for two schemes of space-discretization (finite differences and finite elements), approximate boundary conditions which are stable. For the finite difference scheme, the boundary condition is close to the one available in earlier papers (see for example [4] and [8] ).
But, and this is new in the field, as far as we know, we obtained error estimates for the reflected part. And for the finite element discretization scheme, the results obtained with our boundary conditions, particularly in the case of nonsmooth initial values (evanescent waves), are better than the ones using variational formulation.
Of course, one can apply our method to any discretization scheme of the wave equation; see [6] .
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